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We extend the analysis of Chiba, Smith and Erickcek [1] of Solar System constraints on f(R)
gravity to a class of nonminimally coupled (NMC) theories of gravity. These generalize f(R) theories
by replacing the action functional of General Relativity (GR) with a more general form involving
two functions f1(R) and f2(R) of the Ricci scalar curvature R. While the function f1(R) is a
nonlinear term in the action, analogous to f(R) gravity, the function f2(R) yields a NMC between
the matter Lagrangian density Lm and the scalar curvature. The developed method allows for
obtaining constraints on the admissible classes of functions f1(R) and f2(R), by requiring that
predictions of NMC gravity are compatible with Solar System tests of gravity. We apply this
method to a NMC model which accounts for the observed accelerated expansion of the Universe.
PACS numbers: 04.20.Fy, 04.80.Cc, 04.25.Nx
I. INTRODUCTION
One of the greatest challenges of contemporary physics
is to make sense of the fact that, at Solar System level,
there is no evidence that an extension of GR is required
to account for all observed gravitational phenomena (see
Ref. [2] for a recent account), even though, from the
theoretical point of view, GR is not a fully satisfactory
theory. Indeed, GR exhibits singularities and is incom-
patible with Quantum Mechanics; furthermore, in order
to account for the cosmological data, new states such as
dark matter and dark energy are required.
As a possible alternative to this standard scenario, it
is equally plausible that GR is actually an effective ver-
sion of a more general theory of gravity. More recently, a
great deal of interest has been dedicated to the so-called
f(R) theories [3]; these can be further generalized by
considering that matter and curvature are nonminimally
coupled [4], an idea that gives rise to many interesting
features and has spanned several studies: these include
the impact on stellar observables [5], the so-called energy
∗Also at Instituto de Plasmas e F´ısica Nuclear, Instituto Superior
Te´cnico, Av. Rovisco Pais, 1, 1049-001, Lisboa Portugal.
†Electronic address: orfeu.bertolami@fc.up.pt
‡Electronic address: r.march@iac.cnr.it
§Electronic address: paramos@ist.edu; URL: web.ist.utl.pt/
jorge.paramos
conditions [6], the equivalence with multi-scalar-tensor
theories [7], the possibility to account for galactic [8] and
cluster [9] dark matter, cosmological perturbations [10], a
mechanism for mimicking a Cosmological Constant at as-
trophysical scales [11], post-inflationary reheating [12] or
the current accelerated expansion of the universe [13], the
dynamical impact of the choice of the Lagrangian density
of matter [14], gravitational collapse [15], its Newtonian
limit [16] and existence of closed timelike curves [17].
In this work, we study whether a nonminimally cou-
pled theory of gravity can be assessed using Solar System
observables. It follows an analogous analysis, performed
by Chiba, Smith and Erickcek [1] for generic f(R) theo-
ries. In Ref. [1] the authors find a set of conditions that,
when satisfied by the function f(R), lead to the predic-
tion that the value of the parameterized post-Newtonian
(PPN) parameter γ is given by γ = 1/2, which is not in
agreement with Solar System tests of gravity. Hence, the
analysis of Ref. [1] can be considered as a tool to rule
out f(R) theories that satisfy a suitable set of conditions.
Particularly, it turns out that the 1/Rn (n > 0) gravity
theory proposed by Carroll-Duvvuri-Trodden-Turner [18]
is ruled out by this analysis.
In the present paper we consider a class of NMC the-
ories of gravity where the action functional of GR is re-
placed with a more general form involving two functions
f1(R) and f2(R) of the Ricci scalar curvature R. The
function f1(R) has a role analogous to f(R) gravity, and
the function f2(R) yields a nonminimal coupling between
the matter Lagrangian density Lm and the scalar curva-
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We extend the analysis of Ref. [1] in order to develop
a general framework for the study of Solar System con-
straints to NMC gravity. Then we apply the results of
our analysis to a couple of case studies. Particularly, we
consider the NMC model proposed by Bertolami, Fraza˜o
and Pa´ramos [13] to account for the observed accelerated
expansion of the Universe. This model posits an inverse
power-law NMC f2(R) ∝ 1/Rn term in the action func-
tional, and can be considered as a natural extension of 1/
Rn (n > 0) gravity to a nonminimally coupled case. We
show that, differently from pure 1/Rn gravity, the NMC
model of Ref. [13] cannot be constrained or excluded by
the method developed in this work. Hence such a NMC
model remains, in this respect, a viable theory of gravity.
The manuscript is organized as follows: in sections
II and III, we present our model and the assumptions
adopted to ascertain the effect of the NMC in the Solar
System. In sections IV and V, we carry out the suitable
linearization of the relevant equations and derive the con-
ditions required for applying the long range limit. Sec-
tions VI-VIII then address the solutions to the obtained
set of equations. Section IX tackles the compatibility of
the model under scrutiny with the various assumptions
used to assess its impact at Solar System scales. Finally,
we present our conclusions. An Appendix accounts for
some technical aspects used to obtain the solution for
linearized field equations.
II. NONMINIMALLY COUPLED GRAVITY
In the present work we consider gravitational theories
with an action functional of the form [4],
S =
∫ [
1
2
f1(R) + [1 + f2(R)]Lm
]√−g d4x, (1)
where f i(R) (i = 1, 2) are functions of the Ricci scalar
curvature R, Lm is the Lagrangian density of matter
and g is the metric determinant. The standard Einstein-
Hilbert action is recovered by taking
f2(R) = 0, f1(R) = 2κ(R− 2Λ), (2)
where κ = c4/16piGN and Λ is the Cosmological Con-
stant. Here, GN is Newton’s gravitational constant: as
we will show, an effective gravitational constant G arises
due to the composite effect of f1(R) and f2(R).
The variation of the action functional with respect to
the metric gµν yields the field equations(
f1R + 2f
2
RLm
)
Rµν − 1
2
f1gµν =
(
1 + f2
)
Tµν (3)
+ (∇µ∇ν − gµν)
(
f1R + 2f
2
RLm
)
,
where f iR ≡ df i/dR. In the following we assume that
matter behaves as dust, i.e. a perfect fluid with negligible
pressure and an energy-momentum tensor described by
Tµν = ρuµuν , uµu
µ = −1, (4)
where ρ = ρ(r, t) is the matter density and uµ is the
four-velocity. The trace of the energy-momentum tensor
is T = −ρ. We use Lm = −ρ for the Lagrangian density
of matter (see Ref. [14] for a discussion).
III. ASSUMPTIONS ON THE METRIC AND
ON FUNCTIONS f1(R) AND f2(R)
We now seek the metric that describes the spacetime
around a spherical body such as the Sun in the weak-field
limit of NMC gravity. Such a metric will be regarded as
a perturbation of a background spacetime around which
we linearize the field equations. We take the background
metric to be a flat Friedmann-Robertson-Walker (FRW)
metric
ds2 = −dt2 + a2(t)(dr2 + r2dΩ2), (5)
with scale factor a(t) (we set a(t) = 1 at the present
time). Such a FRW metric solves the field Eqs. (3) for
a spatially uniform cosmological dust energy-momentum
tensor, T cosµν , the trace of which is −ρcos(t). We denote
the Ricci scalar curvature of the background spacetime
by R0 = R0(t).
We assume that the spacetime around a spherical star
is written (in spherical coordinates) by the following per-
turbation of the background metric,
ds2 = − [1 + 2Ψ(r, t)] dt2 + (6)
a2(t)
(
[1 + 2Φ(r, t)] dr2 + r2dΩ2
)
,
where Ψ(r, t)  1 and Φ(r, t)  1. The Ricci curvature
of the perturbed spacetime is expressed as the sum
R(r, t) = R0(t) +R1(r, t). (7)
As expected, we will show that the time scale of varia-
tions in Ψ, Φ and R1 is much longer than the one of Solar
System dynamics, such that
Ψ(r, t) ' Ψ(r), Φ(r, t) ' Φ(r), R1(r, t) ' R1(r). (8)
Following Ref. [1], in the linearization of the field equa-
tions, both around and inside the star, we assume that
R1(r, t) R0(t). (9)
Such an assumption implies that the scalar curvature R
of the perturbed spacetime remains close to the cosmo-
logical value R0 inside the star. In f(R) theories this
condition is satisfied, for instance, by the model proposed
in Ref. [18], where
f1(R) = 2κ
(
R− µ
4
R
)
, f2(R) = 0, (10)
as shown in Refs. [1, 19]. Such a behaviour for the cur-
vature differs from the usual scenario of GR, where the
above condition breaks down inside the body, since the
3mass density of the star is larger than the cosmological
mass density. This issue will play a central role in the ap-
plication of the framework here developed to the NMC
model proposed in Ref. [13]. Naturally, the validity of
condition Eq. (9) will depend on the particular choice
of f1(R) and f2(R), and thus can be used to constrain
these functions.
We consider that all derivatives of functions f1(R) and
f2(R) exist at the present value of R0(t). Since we as-
sume that R1  R0, we can Taylor expand f i(R) around
R = R0 to evaluate f
i(R0 + R1) and f
i
R(R0 + R1), for
i = 1, 2. Neglecting terms nonlinear in R1, we get
f i(R0) +
df i
dR
(R0)R1  1
k!
dkf i
dRk
(R0)R
k
1 , (11)
f iR(R0) +
df iR
dR
(R0)R1  1
k!
dkf iR
dRk
(R0)R
k
1 ,
for all k > 1 and i = 1, 2. Following Ref. [1], we introduce
the useful notation (for i = 1, 2),
f i0 ≡ f i(R0) , f iR0 ≡
df i
dR
(R0) , f
i
RR0 ≡
d2f i
dR2
(R0).
(12)
IV. LINEARIZATION OF THE TRACE OF THE
FIELD EQUATIONS
The trace of the field Eqs. (3) is given by(
f1R + 2f
2
RLm
)
R− 2f1 + 3 (f1R + 2f2RLm) =(13)(
1 + f2
)
T.
The energy-momentum tensor is decomposed in the fol-
lowing way:
Tµν = T
cos
µν + T
s
µν , ρ = ρ
cos + ρs, (14)
where ρcos = ρcos(t) is the cosmological matter density
and ρs = ρs(r) is the stellar matter density. The traces of
the energy-momentum tensor contributions are denoted
by T cos and T s, respectively. We denote by RS the radius
of the star and assume that both the function ρs(r) and
its derivative are continuous across the surface of the star,
such that
ρs(RS) =
dρs
dr
(RS) = 0. (15)
We also write Lcosm = −ρcos and Lsm = −ρs, so that Lm =
Lcosm + Lsm. As a consequence of our definitions, we have
that ρ(r, t) = ρcos(t) + ρs(r) inside the star.
The background curvature R0 solves the trace Eq. (13)
with matter source given by T cos:(
f1R0 + 2f
2
R0Lcosm
)
R0 − 2f10 + (16)
3
(
f1R0 + 2f
2
R0Lcosm
)
=
(
1 + f20
)
T cos.
We now linearize Eq. (13) using the first order Tay-
lor expansions of the functions f i(R) and f iR(R) around
R = R0 6= 0. Since R = R0 + R1, using condition Eq.
(9), we neglect O(R21) contributions, but keep the cross-
term R0R1. Moreover, using the fact that R0 solves Eq.
(16), we eliminate in the linearized trace equation terms
that are independent of R1, with the exception of those
containing the matter source T s = Lsm. The application
of the above procedure yields[−f1R0 + f2R0Lm + (f1RR0 + 2f2RR0Lm)R0]R1 +
3
[(
f1RR0 + 2f
2
RR0Lm
)
R1
]
= (17)(
1 + f20
)
T s − 2f2R0LsmR0 − 6
(
f2R0Lsm
)
.
In order to compute the term

[(
f1RR0 + 2f
2
RR0Lm
)
R1
]
, (18)
we consider the approximation R1(r, t) ' R1(r), that will
be verified later, obtaining

(
f1RR0R1
)
= f1RR0R1 +R1f1RR0, (19)
and

(
f2RR0LmR1
)
= −f2RR0ρcosR1 − (20)
R1
(
f2RR0ρ
cos
)− f2RR0 (ρsR1)− ρsR1f2RR0.
By definition,
R1(r) = grr
d2R1
dr2
− gµνΓrµν
dR1
dr
, (21)
 (ρs(r)R1(r)) = grr
d2 (ρsR1)
dr2
− gµνΓrµν
d (ρsR1)
dr
,
where Γλµν are the Christoffel symbols of the metric Eq.
(6). Neglecting terms in Eq. (17) that involve products
of R1 or its spatial derivatives with Ψ, Φ and their spatial
derivatives (since such products turn out to be of order
o(1/c2)), we may approximate
R1 ' ∇2R1,  (ρsR1) ' ∇2 (ρsR1) , (22)
where ∇2 denotes the three-dimensional flat space Lapla-
cian. Taking into account that f2RR0 = f
2
RR0(t), it follows
that

(
f2RR0LmR1
) ' (23)
−R1
[
ρsf2RR0 +
(
f2RR0ρ
cos
)]
+∇2 (f2RR0LmR1) .
Collecting these results, we thus find

[(
f1RR0 + 2f
2
RR0Lm
)
R1
] ' (24)[

(
f1RR0 − 2f2RR0ρcos
)− 2ρsf2RR0]R1 +
∇2 [(f1RR0 + 2f2RR0Lm)R1] .
The same steps are also applied to the term

(
f2R0Lsm
)
= −f2R0ρs − ρsf2R0, (25)
4found in Eq. (17); substituting the obtained expressions
into Eq. (17), we obtain
3∇2 [(f1RR0 + 2f2RR0Lm)R1]+ (26)(−f1R0 + f2R0Lm)R1 + (f1RR0 + 2f2RR0Lm)R0R1 +
3
[

(
f1RR0 − 2f2RR0ρcos
)− 2ρsf2RR0]R1 =
− (1 + f20 ) ρs + 2f2R0ρsR0 + 6ρsf2R0 + 6f2R0∇2ρs.
We define the potential
U(r, t) =
[
f1RR0(t) + 2f
2
RR0(t)Lm(r, t)
]
R1(r), (27)
and the mass parameter
m2 =
1
3
[
f1R0 − f2R0Lm
f1RR0 + 2f
2
RR0Lm
−R0 − (28)
3
(
f1RR0 − 2f2RR0ρcos
)− 6ρsf2RR0
f1RR0 + 2f
2
RR0Lm
]
,
assuming that f1RR0 + 2f
2
RR0Lm 6= 0. Note that m =
m(t) outside the spherical body, where ρs = 0 and Lm =
−ρcos(t). For f2(R) = 0, the mass formula presented in
Ref. [1] for f(R) theories is recovered. A negative mass
squared m2 < 0 could generically produce a gravitational
instability, as the solution of Eq. (32) would lead to
radial oscillations of the potential U with wavelength and
frequency ∼ |m|−1.
In the remainder of this study, we will assume that
|mr|  1 within the Solar System, so that the contri-
bution of any mass parameter is negligible and any pu-
tative oscillations evolve with a wavelength and period
much larger than the typical timescale of Solar System
dynamics.
Using the expressions for U and m2, the equation for
R1 can be written as
∇2U −m2U = (29)
−1
3
(
1 + f20
)
ρs +
2
3
f2R0ρ
sR0 + 2ρ
sf2R0 + 2f2R0∇2ρs.
The assumption |mr|  1 at Solar System scales sig-
nals a long-range extra force due to the non-trivial func-
tions f i(R). If the mass parameter is negative, this im-
plies that the timescale of oscillations is much larger than
the one ruling Solar System dynamics.
V. SOLUTION FOR R1
Outside the star, Eq. (29) reads ρs = 0 and we obtain
∇2U = m2(t)U, (30)
so that U behaves as a Yukawa potential with a character-
istic length 1/m(t) evolving on a cosmological timescale,
U ∼ e
−mr
r
∼ 1
r
, (31)
or, if m2 is negative, as an oscillating potential with
strength ∼ 1/r. The approximation U ∼ 1/r stems from
the assumption that |mr|  1 within the Solar System:
we may thus drop the mass term m2U in Eq. (29) outside
the spherical body. Moreover, standard approximation
properties of solutions of differential equations permit us
to neglect this mass term also inside the spherical body,
where the mass m2 depends both on r and t, whenever
|mr|  1. Eq. (29) then becomes
∇2U = η(t)ρs(r) + 2f2R0∇2ρs, (32)
with the definition
η(t) = −1
3
(
1 + f20
)
+
2
3
f2R0R0 + 2f2R0. (33)
Outside the spherical body, ρs = 0 and we may use the
divergence theorem to obtain
U(r, t) = −η(t)
4pi
MS
r
, (34)
where MS is the total gravitational mass of the spherical
body. Using Eq. (27), this implies that
R1(r, t) =
η(t)
4pi (2f2RR0ρ
cos − f1RR0)
MS
r
. (35)
For f2(R) = 0, this expression reduces to the solution
for R1 found in Ref. [1]. Notice that, although R1 de-
pends on time through R0(t) and ρ
cos(t), the timescale of
its variation (comparable to the current Hubble time be-
ing much bigger than the one of Solar System dynamics)
ensures the approximation R1(r, t) ' R1(r).
Inside the spherical body, Eq. (32) implies that
d
dr
(
U − 2f2R0ρs
)
=
η(t)
4pi
M(r)
r2
, (36)
where M(r) is the gravitational mass inside a sphere of
radius r, defined as
M(r) ≡ 4pi
∫ r
0
ρs(ξ)ξ2dξ , MS = M(RS). (37)
Since the potential U must be continuous, it is profitable
to rewrite this equation in terms of the dimensionless
variable x ≡ r/RS and dimensionless function
y ≡ U(x)
U(x = 1)
= −4piRSU(x)
η(t)MS
, (38)
so that Eq. (36) becomes
d
dx
(
y +
8pif2R0
η(t)
RS
MS
ρs
)
= −M(x)
MSx2
. (39)
In order to derive y(x) from the above, we require prior
knowledge of the density profile inside the spherical body,
5ρs; to do so, we assume that the latter may be expanded
as a Taylor series,
ρs = ρs0
∑
i=0
aix
i, (40)
where ρs0 ∼ 105 kg/m3 is the central density and a0 = 1.
We thus get
M(r) = 4piρs0R
3
S
∑
i=0
ai
i+ 3
xi+3, (41)
so that
MS = 4piρ
s
0R
3
S
∑
i=0
ai
i+ 3
, (42)
and Eq. (39) may be integrated between x and x = 1 to
obtain
y =
∑
i=0
ai
i+2∑
i=0
ai
i+3
−
∑
i=0 aix
i
[
2f2R0
η(t)R2S
+ x
2
(i+2)(i+3)
]
∑
i=0
ai
i+3
. (43)
Using Eqs. (43) and (27), we thus obtain
R1
R0
=
η
4pi[2f2RR0(ρ
cos + ρs)− f1RR0]
MS
R0RS
y. (44)
Eq. (44) must be used to check if the perturbative ap-
proach R1  R0 is valid within the spherical body. Out-
side it, it suffices to compare Eq. (35) with the expression
for R0 found from a cosmological solution of NMC grav-
ity.
The condition R1  R0 implies that the Ricci curva-
ture R = R0 + R1 of the perturbed spacetime is close
to the cosmological value R0 at Solar System scales, and
also inside the spherical body, even though the metric
Eq. (6) of the perturbed spacetime is fairly close to the
Minkowski metric.
In theories where f2(R) = 0, such a condition is satis-
fied for mr  1, with r varying from Solar System scales
to the star interior, and f1R0/f
1
RR0 ∼ R0 [1, 3]. However,
such theories yield the value γ = 1/2 which does not sat-
isfy Solar System tests of gravity. Theories which do not
satisfy the condition R1  R0 inside the spherical body
are characterized by a large mass m, such that mr  1 at
Solar System scales [3]. For f2(R) = 0, this could render
viable, due to decoupling, a minimally coupled model of
gravity; for GR, the condition R1  R0 is not satisfied
in the star interior. In this study, we consider this issue
for f2(R) 6= 0.
VI. LINEARIZATION OF THE FIELD
EQUATIONS
In this section we linearize the field Eqs. (3). We
denote by [R0]
µ
ν the components of the Ricci tensor in the
considered background metric. The tensor [R0]
µ
ν solves
the field Eqs. (3) with matter source given by T cosµν :
([R0]
µ
ν −∇µ∇ν + δµν)
(
f1R0 + 2f
2
R0Lcosm
)− (45)
1
2
f10 δ
µ
ν =
(
1 + f20
)
T cosµν .
We now linearize Eqs. (3) using the first order Tay-
lor expansions of the functions f i(R) and f iR(R) around
R = R0, for i = 1, 2. Using Eq. (45) and neglecting
time derivatives of the background metric, we obtain the
following system of equations in Rµν :(
f1R0 + 2f
2
R0Lcosm
)
(Rµν − [R0]µν ) + 2f2R0LsmRµν + (46)(
f1RR0 + 2f
2
RR0Lm
)
R1R
µ
ν − f2R0R1Tµν −
1
2
f1R0R1δ
µ
ν −
f1RR0 (∇µ∇ν − δµν)R1 − 2f2RR0 (∇µ∇ν − δµν) (LmR1)
=
(
1 + f20
)
T sµν + 2f
2
R0 (∇µ∇ν − δµν)Lsm.
The R00 component is thus given by
R00 = −
1
1 + 2Ψ
[
1
a2
∇2Ψ− 3
(
H2 +
dH
dt
)]
' (47)
−∇2Ψ + 3
(
H2 +
dH
dt
)
,
while Rrr reads
Rrr = a
2 1 + 2Φ
1 + 2Ψ
(
3H2 +
dH
dt
)
− 1
1 + 2Ψ
d2Ψ
dr2
+(48)
1
(1 + 2Ψ)
2
(
dΨ
dr
)2
+
2
r
1
1 + 2Φ
dΦ
dr
+
1
(1 + 2Φ) (1 + 2Ψ)
dΦ
dr
dΨ
dr
' −d
2Ψ
dr2
+
2
r
dΦ
dr
+ 3H2 +
dH
dt
.
By neglecting the terms involving functions Ψ and Φ in
the previous expressions we get the corresponding com-
ponents of the tensor [R0]
µ
ν .
We can simplify Eqs. (46) by neglecting terms involv-
ing the product of R1, Ψ, Φ and their derivatives with
H and dH/dt. Moreover, following Ref. [1], we neglect
terms that are nonlinear functions of the metric perturba-
tions Ψ and Φ, and we neglect terms involving products
of R1 by Ψ and Φ. Such approximations permit us to
replace the D’Alembert operator  with the flat space
Laplace operator ∇2. The 00 and rr components of Eqs.
(46) then become, respectively,
(
f1R0 + 2f
2
R0Lm
)(∇2Ψ + 1
2
R1
)
− (49)
∇2 [(f1RR0 + 2f2RR0Lm)R1]
=
(
1 + f20
)
ρs − 2f2R0∇2ρs,
6and (
f1R0 + 2f
2
R0Lm
)(−d2Ψ
dr2
+
2
r
dΦ
dr
)
− (50)
1
2
f1R0R1 +
2
r
f1RR0
dR1
dr
+
4
r
f2RR0
∂ (LmR1)
∂r
=
4
r
f2R0
dρs
dr
.
In the next sections we shall compute the solutions Ψ
and Φ of these equations.
VII. SOLUTION FOR Ψ
Using Eqs. (32) and (33), equation (49) becomes
(
f1R0 + 2f
2
R0Lm
)(∇2Ψ + 1
2
R1
)
= (51)
2
3
(
1 + f20 + f
2
R0R0
)
ρs,
where we have neglected the term f2R0 on timescales of
Solar System dynamics.
We assume that f1R0 + 2f
2
R0Lm 6= 0 and, following Ref.
[1], decompose Ψ as the sum of two functions, Ψ = Ψ0 +
Ψ1, such that
∇2Ψ0 = 2
3
1 + f20 + f
2
R0R0
f1R0 + 2f
2
R0Lm
ρs, (52)
∇2Ψ1 = −1
2
R1.
Using Eq. (15), integration through the divergence the-
orem yields for the function Ψ0 outside of the star,
Ψ0(r, t) = − 1
6pi
(
1 + f20 + f
2
R0R0
)M∗
r
+ C0, (53)
M∗ = 4pi
∫ RS
0
ρs(x)
f1R0 + 2f
2
R0Lm(x)
r2 dr,
with C0 an integration constant. The function Ψ1 is com-
puted in the Appendix, where it is shown that, under the
additional condition∣∣∣∣ f1R0 + 2f2R0Lmf1RR0 + 2f2RR0Lm
∣∣∣∣ ∼ |R0| , (54)
assumed to be valid both inside and outside the star, we
have
Ψ1(r, t) = Ψ
∗
1(r, t) + C1, (55)
|Ψ∗1(r, t)|  |Ψ0(r, t)− C0| ,
where C1 is another integration constant. Condition Eq.
(54) is satisfied for instance by functions of the type
f1(R) ∼ Rm, f2(R) ∼ Rn, and its meaning will be
discussed at the end of this section. By requiring that
Ψ(r, t) vanishes as r → +∞, we obtain that C0 +C1 = 0.
The validity of the Newtonian limit requires that Ψ(r) is
proportional to M/r, leading to the following constraint
on the functions f1(R) and f2(R):∣∣2f2R0∣∣ ρs(r) ∣∣f1R0 − 2f2R0ρcos(t)∣∣ , r ≤ RS. (56)
We now get the solution for Ψ outside of the star,
Ψ(r, t) = − 1 + f
2
0 + f
2
R0R0
6pi (f1R0 − 2f2R0ρcos)
M
r
, r ≥ RS. (57)
For f2(R) = 0, this expression reduces to the solution
for Ψ found in Ref. [1]. The expression for Ψ yields a
gravitational coupling slowly varying in time,
G =
ω(t)
6pi (f1R0 − 2f2R0ρcos)
, (58)
ω(t) = 1 + f20 + f
2
R0R0.
As expected, the timescale G˙/G is much longer than the
one of Solar System dynamics. Hence we have approxi-
mately G ' const. and Ψ(r, t) ' Ψ(r).
By comparing with available bounds on G˙/G (see Ref.
[20] for an updated review), Eq. (58) can in principle be
used to constraint f1(R) and f2(R).
We may now check the assumption R1  R0 outside
the spherical body. Using the solution Eq. (35) for R1
and the expression Eq. (58) of the effective gravitational
constant G, we have, for r ≥ RS,∣∣∣∣R1R0
∣∣∣∣ ≤ 32 |R0| GMSRS
∣∣∣∣ η(t)ω(t)
∣∣∣∣ · ∣∣∣∣ f1R0 − 2f2R0ρcosf1RR0 − 2f2RR0ρcos
∣∣∣∣ . (59)
Then, the assumption R1  R0 used in the lineariza-
tion of the field equations places the following additional
constraint on functions f1(R) and f2(R),∣∣∣∣ η(t)ω(t)
∣∣∣∣ · ∣∣∣∣ f1R0 − 2f2R0ρcosf1RR0 − 2f2RR0ρcos
∣∣∣∣ |R0|( RSGMS
)
. (60)
Neglecting the term f2R0 in η(t) at the time-scale of
Solar System dynamics, if |η(t)/ω(t)| ∼ 1, then condi-
tion Eq. (54) becomes a sufficient condition for the va-
lidity of the assumption R1  R0 outside the spheri-
cal body. Indeed, if condition Eq. (54) is satisfied and
the effective gravitational constant G is identified with
Newton’s gravitational constant, using Eq. (60) we have
|R1/R0| . GMS/RS  1. For f2(R) = 0, condition Eq.
(54) reduces to condition f1R0/f
1
RR0 ∼ R0 found in Ref.
[1]. This condition is satisfied for instance by the theory
of 1/Rn gravity, proposed in Ref. [18], where
f1(R) = 2κ
(
R− µ
2+2n
Rn
)
, n > 0, (61)
f2(R) = 0.
This theory satisfies also the condition mr  1 at Solar
System scales [1].
7VIII. SOLUTION FOR Φ
We now compute the solution Φ under condition Eq.
(54). For r ≥ RS, Eq. (50) becomes(
f1R0 + 2f
2
R0Lcosm
)(−d2Ψ
dr2
+
2
r
dΦ
dr
)
− (62)
1
2
f1R0R1 +
2
r
(
f1RR0 + 2f
2
RR0Lcosm
) dR1
dr
= 0.
Using the solution Eq. (35) for R1, we have
R1
dR1/dr
= −r. (63)
Since ρcos(t)  ρs(r) for r < RS and |r − RS| large
enough, using Eq. (56) we have also∣∣2f2R0∣∣ ρcos(t) ∣∣f1R0∣∣ . (64)
Using these results and Eq. (54), we have∣∣∣∣ f1R0R1/2(2/r) (f1RR0 + 2f2RR0Lcosm ) (dR1/dr)
∣∣∣∣ ' (65)
1
4
∣∣∣∣ f1R0 + 2f2R0Lcosmf1RR0 + 2f2RR0Lcosm
∣∣∣∣ · ∣∣∣∣ R1(1/r) (dR1/dr)
∣∣∣∣ 1,
where we have used |R0| r2 ∼ H2r2  1, for the cur-
rent Hubble parameter H and for r of the order of Solar
System scales. It follows that the term f1R0R1/2 can be
neglected in Eq. (62), which now becomes
dΦ
dr
=
r
2
d2Ψ
dr2
−
[
f1RR0 − 2f2RR0ρcos
f1R0 − 2f2R0ρcos
]
dR1
dr
. (66)
Substituting in this equation the derivatives of functions
R1 and Ψ, computed from Eqs. (35) and (57), respec-
tively, we obtain
Φ(r, t) =
1 + f20 + 4f
2
R0R0 + 6f2R0
12pi (f1R0 − 2f2R0ρcos)
M
r
, (67)
for r ≥ RS. As expected, setting f2(R) = 0 reduces this
expression to the solution for Φ found in Ref. [1]. Again,
we have Φ(r, t) ' Φ(r).
Using the expressions of Ψ and Φ, we get the PPN
parameter γ:
γ =
1
2
[
1 + f20 + 4f
2
R0R0 + 6f2R0
1 + f20 + f
2
R0R0
]
. (68)
Thus, the parameter γ is completely defined by the back-
ground metric and its value can be obtained by comput-
ing the cosmological solution of NMC gravity. Inserting
f2(R) = 0 yields the value γ = 1/2 as it has been found
in Ref. [1]. In particular, the 1/Rn gravity model given
by Eq. (61) also predicts γ = 1/2. However, notice that
formula (68) cannot be applied when the functions f i(R)
reduce to their GR expressions, since in this case the mass
parameter m, defined in Eq. (28), is ill-defined (and di-
vergent), so that the assumptions of our computations
are not satisfied.
We may now summarize the obtained results: in order
for a cosmologically viable nonminimally coupled model
to be compatible with Solar System tests, one of the fol-
lowing conditions has to be satisfied:
(i) Either the condition |mr|  1 at Solar System
scales is not satisfied, or nonlinear terms in R1
are not negligible in the Taylor expansions Eqs.
(11) (which happens if the perturbative condition
R1  R0 is not satisfied), so that the present anal-
ysis does not apply;
(ii) If both conditions of point (i) are satisfied, then
the condition Eq. (56) of validity of the Newtonian
limit has to be satisfied, and the value of γ given
by Eq. (68) has to satisfy the constraint from the
Cassini measurement γ = 1+(2.1±2.3)×10−5 (cf.
Ref. [2]).
The mass m2, which is a function m2 = m2(r, t) given by
Eq. (28), has to be computed by using the cosmological
solution R0(t), ρ
cos(t). In the following section, we imple-
ment the obtained criteria for the cosmological scenario
posited in Ref. [13].
IX. APPLICATION
Following Ref. [13], let us consider the case study
f1(R) = 2κR, f2(R) =
(
R
Rn
)−n
, n > 0, (69)
where Rn is a constant; the linear choice of f
1(R) serves
to highlight the impact of the NMC between matter and
curvature on the dynamics. Notice that the correct GR
limit of a power-law coupling between matter and cur-
vature is not attained by setting n = 0 (as this simply
doubles the minimal coupling, f2(R) = 1), but by impos-
ing Rn → 0 (for positive n, i.e. an inverse power-law).
The above choice yields a cosmological scenario where
the contribution of the NMC dominates the dynamics
and a constant (negative) deceleration parameter is ob-
tained, q < 0; this, however, is attained due to the large
value of f2R0ρ
cos and its temporal derivatives, not the
NMC itself, which remains subdominant, f20  1.
This mechanism implies a direct relation between the
exponent n and the latter [13],
q = −1 + 3
2(1 + n)
, (70)
that is, a De Sitter solution with exponential scale factor
is ruled out. Thus, the scale factor a(t) of the background
metric and the cosmological matter density ρcos(t) follow
the temporal evolution
a(t) = a0
(
t
t0
)2(1+n)/3
, (71)
8and
ρcos(t) = ρcos0
(
t0
t
)2(1+n)
, (72)
ρ0 = (1 + n)
8
3
κ
t20
(
4(1 + n)(1 + 4n)
3Rnt20
)n
,
where t0 is the current age of the Universe; the latter
expression stems from the covariant conservation of the
energy-momentum tensor, which remains valid since the
Lagrangian density is given by Lm = −ρcos (see Ref. [14]
for a discussion).
Eq. (71) yields
H =
a˙
a
=
2(1 + n)
3t
, (73)
R0 = 6(H˙ + 2H
2) =
4(1 + 4n)(1 + n)
3t2
,
where H ≡ a˙/a is the Hubble parameter. Since the cur-
rent value of the former is H0 ∼ 70 (Km/s)/Mpc [21]
and the deceleration parameter is of order q0 ∼ −1, we
get that R0 ∼ (1014 AU)−2 — to be compared with the
relevant range for the Solar System, r . RSS ∼ 100 AU.
Inserting the expression for the scalar curvature R0
into Eq. (69), we get
f20 =
[
3
4(4n+ 1)(n+ 1)
(
t0
tn
)2]n
, (74)
where tn ≡ 1/
√
Rn.
We recall that the choice for the Lagrangian density
Lm = −ρcos implies that the energy-momentum tensor
of matter is conserved, ∇µTµν = 0 → ρ˙cos = −3Hρcos.
From Eq. (73), we get
R˙0 = −2
t
R0 , R¨0 =
6
t2
R0, (75)
and, together with the expressions below, valid for a
power-law NMC,
f2R0 = −n
f20
R0
, f2RR0 = n(n+ 1)
f20
R20
, (76)
we get

(
f2RR0ρ
cos
)
f2RR0ρ
cos
≈ (77)
− R
2
0
f20 ρ
cos
[
d2
dt2
(
f20
R20
ρcos
)
+ 3H
d
dt
(
f20
R20
ρcos
)]
=
−3
2
2n+ 3
4n2 + 5n+ 1
R0,
and
f2RR0
f2RR0
≈ −R
2
0
f20
[
d2
dt2
(
f20
R20
)
+ 3H
d
dt
(
f20
R20
)]
=(78)
−3
2
4n2 + 13n+ 10
4n2 + 5n+ 1
R0.
As expected, the D’Alembertian terms cannot be ne-
glected, as they are comparable to R0 ∼ H2.
Several values for the exponent n have been evalu-
ated in previous studies, ranging from studies of hydro-
static equilibrium [5] or spherical collapse [15] to galac-
tic [8] and cluster [9] dark matter, dark energy [13] and
post-inflationary preheating [12]. All scenarios assumed
a linear f1(R) = 2κR, except for the latter — where
f1(R) = 2κ(R+R2/6M2) (the so-called Starobinsky in-
flation).
In all of these studies, it has been argued that any par-
ticular power-law form for the NMC represents the dom-
inant behaviour of a more evolved function f2(R) in each
regime (i.e. typical scalar curvature associated with the
context under scrutiny, from astrophysics to cosmology).
As an example, a particular set (n,Rn) that accounts for
e.g. galactic dark matter was shown to be irrelevant to
implement a generalized preheating after inflation (and
vice-versa). This argument is also used concerning the
plethora of forms used for the curvature term in f(R)
theories.
The same reasoning should apply here: for complete-
ness, the full set of power-laws contributions consid-
ered in the mentioned studies should be used, that is,
f2(R) =
∑
i
(
R
Ri
)−i
. However, since this quantity (and
its derivatives) must be evaluated at its cosmological
value R = R0(t), it suffices to retain the cosmologically
dominant term, as studied in Ref. [13]. Thus, the results
here obtained cannot be used to constraint the power-law
NMC functions used to account for astrophysical scenar-
ios (including galactic and cluster dark matter).
With the above in mind, we recall the two examples
presented numerically in Ref. [13], were
n = 4 : t4 =
t0
4
→ f20 =
(
12
85
)4
≈ 4× 10−4, (79)
n = 10 : t10 =
t0
2
→ f20 =
(
3
451
)10
≈ 10−22,
confirming that the NMC is indeed perturbative, as in-
dicated above.
A. Long range regime, |mr|  1
Using Eqs. (69), (77) and (78), we are now able to
compute the mass parameter given by Eq. (28), obtain-
ing
m2 =
µρcos + νρs
ρcos + ρs
R0, (80)
µ ≡ −8n
3 + 4n2 − 18n+ 1
6n(n+ 1)(4n+ 1)
,
ν ≡ 28n
2 + 111n+ 89
6(n+ 1)(4n+ 1)
.
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Figure 1: Quantities µ(n) (full), ν(n) (long dash) and (n)
(short dash) , defined in Eqs. (80) and (85) as a function of
the exponent n.
Notice that the roots of the denominator of both µ and ν
are non-positive, while the NMC used in a cosmological
setting assumes a positive exponent n [13].
Fig. 1 shows the variation of µ(n) and ν(n): for n > 0,
we see that both functions are O(10) or below: since ρs 
ρcos inside the spherical body — except for a vanishingly
thin surface layer —, the mass parameter is given inside
it by m2 ∼ νR0 (for all values of n, since ν has no roots);
in the outside, we have m2 = µR0.
For n ∼ 0, the function µ grows to large (negative)
values; if µρcos  νρs, the mass parameter inside the
spherical body is given by
m2 ≈ ρ
cos
ρs
µR0. (81)
Since µ ∼ −1/6n for n ∼ 0, the validity of the long-range
regime yields
|mr| ≤ |mRS|  1→ n ρ
cos
ρs
R2SR0
6
∼ 10−66, (82)
using ρcos ∼ 10−27 kg/m3, ρs . ρs0 ∼ 105 kg/m3 (the
central density of the Sun), R0 ∼ (1014 AU)−2 and RS =
1.4× 109 m ∼ 5× 10−3 AU.
By the same token, away from the spherical body we
get
|mr| . |mRS |  1→ n R
2
SR0
6
∼ 10−25, (83)
a stronger constraint than the one above, but extremely
mild nonetheless.
B. Newtonian regime
The previously discussed Eq. (56) provides the con-
dition for the validity of the Newtonian regime adopted
in this study. Using the previous expressions Eq. (69)
and (72), we find that f2R0ρ
cos(t)/κ = const., and this
condition can be recast as∣∣∣∣ κf2R0ρcos(t) − 1
∣∣∣∣ ρcos = (3 + 12n
)
ρcos(t) ρs(r)→
n ρ
cos
2ρs
∼ 10−33, (84)
which is incompatible with the constraint n  10−25
required for the long-range condition |mr|  1 to be
valid outside the spherical body. Nevertheless, we can
not yet conclude that the Newtonian limit is not valid
for n 10−25, since we have still to check the validity of
Eq. (11), i.e. our assumptions that terms nonlinear in
R1 are negligible in the Taylor expansions of f
i(R) and
f iR(R). This will be the subject of Section D.
C. PPN parameter γ
If nonlinear terms in R1 were negligible in the Taylor
expansions Eqs. (11), then the result of the preceding
section implies that the Newtonian approximation would
not be valid in the Solar System, whenever |mr|  1,
i.e. n  10−25. Thus we cannot rely on the result pre-
sented here for its impact at Solar System scales, i.e. the
expression for the PPN γ parameter, Eq. (68).
D. Perturbative regime, R1  R0
We now check our assumption that R1  R0. At the
end of Section VII, in order to check such an assumption
outside the spherical body, we have used the inequal-
ity GMS/RS  1, where G is the effective gravitational
constant defined in Eq. (58). However, the result of sub-
section B shows that in the long-range regime |mr|  1
we can not rely on the validity of Newtonian limit, so
that we are prevented from using the effective gravita-
tional constant G in this way. Hence, in order to esti-
mate the ratio R1/R0, in the sequel we resort to Newton’s
gravitational constant GN , which we recall is defined by
κ = c4/16piGN .
1. Outer solution
We first assess the validity of the perturbative condi-
tion R1  R0 outside the spherical body.
From Eq. (33), we find that a perturbative coupling
f20  1 yields η(t) ≈ −1/3. Using Eqs. (35), (72) and
(73), we get
R1
R0
= − R0
24pin(n+ 1)f20 ρ
cos
MS
r
= (85)
− 1 + 4n
18pinf20 t
2
0ρ
cos
MS
r
= −GNMS
3r
,
 ≡ 1 + 4n
n(1 + n)
.
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We see that the function , plotted in Fig. 1, has no
positive roots, but diverges at n = 0. Thus, we get
R1  R0 → n GNMS
3RS
≈ 7.1× 10−7, (86)
a stronger constraint that those obtained in the preceding
section.
2. Inner solution
We now assess the validity of the perturbative condi-
tion R1  R0 inside the spherical body.
We address Eq. (44): using Eq. (43) and η ≈ −1/3,
the former reads
R1
R0
=
ρs
ρcos + ρs
1− z(t)w(x)
1 + n
, (87)
defining the dimensionless form function
w(x) ≡ ρ
s
0
ρs
∑
i=0
ai
i+ 2
(
1− x
i+2
i+ 3
)
, (88)
and coupling
z(t) ≡ η(t)R
2
S
2f2R0
≈ (89)
1
6n
(
4(1 + 4n)(1 + n)
3
)n+1(
RS
t
)2(
tn
t
)2n
=
1 + 4n
n
4pi
3
GNR
2
Sρ
cos(t),
again using η ≈ −1/3 and Eq. (73). The above may be
recast as
z(t) =
1 + 4n
n
4pi
3
GNMS
RS
ρcosR3S
MS
, (90)
clearly showing that, since GNMS/RS ∼ 2 × 10−6 and
ρcosR3S/MS ∼ 10−31, z(t) is vanishingly small unless n
10−37.
At the surface of the spherical body, x = 1, we have
ρs = ρs0
∑
i=0 ai = 0, so that
R1
R0
= − z(t)ρ
s
0
(n+ 1)ρcos
∑
i=0
(
ai
i+ 3
)
= (91)
− 1
4pi
z(t)
(n+ 1)ρcos
MS
R3S
,
and, using Eq. (89), Eq. (85) is matched at the surface,
as expected.
To assess the behaviour inside the spherical body, we
consider the following model of the density profile of the
Sun [22]
ρs(r) = ρs0
(
1− 5.74x+ 11.9x2 − 10.5x3 + 3.34x4) ,
(92)
0.2 0.4 0.6 0.8 1.0 x
0.2
0.4
0.6
0.8
1.0
rs
r0s
Figure 2: Fourth-order approximation of the density profile
inside the spherical body (Eq. (92).
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Figure 3: Form functions w(x) for the density profile Eq.
(92) (w4(x), full), linear (w1(x), dashed) and constant profile
(w0(x), dotted).
depicted in Fig. 2. As discussed below, the overall re-
sult is not qualitatively affected by the specific density
model. Notice that this fourth-order expression obeys
the constraint ρs(RS) = 0 and (dρ
s/dr)(RS) ' 0.
The density ρs(r) rises beyond ρcos immediately after
the surface of the spherical body: for the chosen density
profile Eq. (92), we find numerically that ρs  ρcos →
x < 1−10−31. Thus, this thin surface layer may be safely
disregarded, and Eq. (87) is approximated by
R1
R0
≈ 1− z(t)w(x)
1 + n
. (93)
Fig. 3 plots the form function w(x) for the density profile
above. For comparison, two unrealistic cases are also
depicted: w1(x), obtained from a linear density ρ
s =
ρs0(1− x), and w0(x), derived from a constant one, ρs =
ρs0.
Clearly, the peak around x ∼ 0.5 for the form function
w4(x) derived from Eq. (92) appears because the density
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has a minimum at x ≈ 0.52 (which is an unphysical arti-
fact of the fourth-order approximation). We also see that
w1(x) is an approximate envelope of w4(x), i.e. presents
an approximate behaviour without the aforementioned
peak.
If n  10−37, a large coupling z(t)  1 arises and we
get R1 ≈ −z(t)w(x)R0. This result breaks the pertur-
bative condition underlying this work, moreover in this
case the long-range condition |mr|  1 is not satisfied.
The converse case n > 10−37 (which comprises n = 4
or n = 10, the two scenarios studied in Ref. [13]) leads
to
R1
R0
≈ 1
1 + n
, (94)
which is valid for the full interior of the spherical body,
with the exception of a very thin surface layer signaling
the transition to the outer solution. Notice that this
result is not dependent on the adopted density model,
as the vanishingly small value of z(t) absorbs any peaks
that may arise in the form factor w(x).
Eq. (94) implies that the condition R1  R0 is not
satisfied when n ∼ 1 or n < 1. For n = 4, the value of the
curvature perturbation R1 is one fifth of the cosmological
background curvature R0, while n = 10 yields a smaller
1/11 factor. At first sight, this result allows us to validate
the perturbative condition R1  R0, or at least it leads
to the conclusion that n  1 — in order to get a larger
separation between R1 and R0. However, this is not the
case: indeed, if we expand the power-law NMC Eq. (69)
up to third order and insert Eq. (94),
f2(R) ' f20
[
1− nR1
R0
+
n(n+ 1)
2
(
R1
R0
)2
(95)
−1
6
n(n+ 1)(n+ 2)
(
R1
R0
)3 ]
=
f20
[
1− n
n+ 1
+
n
2(n+ 1)
− n(n+ 2)
6(n+ 1)2
]
,
we conclude that, for any exponent n > 1, the non-linear
terms in the Taylor expansion of f2(R) cannot be dis-
regarded. An analogous result holds for the Taylor ex-
pansion of the function f2R(R). It follows that conditions
Eqs. (11) are not respected.
A third possibility remains: that the coupling z(t) is
such that it enables a small numerator in Eq. (93): this
implies that z(t)w(x) ∼ 1, which requires an approxi-
mately constant form function w(x) ≈ const.. However,
since z(t) is determined by the choice of the cosmologi-
cally relevant NMC, this would lead to an unphysical fine
tuning of the form function w(x), and is thus deemed un-
feasible.
Given the above discussion, we conclude that the per-
turbative regime is not compatible with the scenario
posited in Ref. [13], and thus the method here developed
cannot be applied to constrain the latter using Solar Sys-
tem observables.
E. Post-inflationary reheating model
Following Ref. [12], we now consider the model
f1(R) = 2κ
(
R+
R2
6M2
)
, f2(R) = 2ξ
R
M2
, (96)
which adds a non-minimal coupling to the standard pre-
heating scenario in the context of Starobinsky inflation
[23]. In Eq. (96), M has dimensions of mass and ξ is a
dimensionless parameter. The mass parameter m2, de-
fined in Eq. (28), is proportional to M2. Since M2 is
large in Starobinsky gravity, the condition mr  1 is not
satisfied inside the Solar System and we cannot use the
present analysis to constrain the NMC model (96).
X. CONCLUSIONS AND OUTLOOK
We have analyzed the constraints that the NMC Eq.
(69) should fulfill in order to be consistent with the
regimes considered in this work. This is summarized as
follows:
• Long-range regime |m|r  1 within the Solar Sys-
tem, leading to n 10−25;
• Newtonian approximation, leading to n 10−33;
• Perturbative regime R1  R0, only viable if
z(t)w(x) ∼ 1 (see Eq. (93)), thus leading to an
unphysical fine tuning of the density profile inside
the spherical body.
The lack of validity of the perturbative regime leads
us to conclude that the mechanism proposed in Ref. [13]
cannot be constrained or excluded by the method devel-
oped in the present paper.
This result, however, is not specific to the Sun or simi-
lar objects, but is characteristic of any relevant spherical
body of astrophysical scale for which the weak field ap-
proximation can be used.
Nevertheless, this study provides a relevant set of tools
with which to assess the local impact of proposals for
a perturbative power-law NMC driving the accelerated
expansion of the Universe. Notice that the procedure
can also be applied for a NMC that does not follow a
power-law form, as long as its temporal variation (and of
its derivatives) is of the order of H2.
Of course, in what concerns the cosmological context,
a new set of issues associated with the treatment of cos-
mological perturbations must be considered in order to
address the impact of the NMC (see Ref. [10]).
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Appendix
We compute here the solution of Eqs. (52). We set
R1(r, t) = A(t)
M
r
r ≥ RS, (97)
A(t) =
1 + f20 − 2f2R0R0 − 6f2R0
12pi (f1RR0 − 2f2RR0ρcos)
.
Using the divergence theorem, for r ≥ RS we have
2r2
dΨ1
dr
=
1
2
A(t)M
(
R2S − r2
)− ∫ RS
0
R1(r, t)r
2dr. (98)
From the definition of function U and the generalized
mean value theorem for integrals we have∫ RS
0
R1(r, t)r
2dr = (99)
1
f1RR0 − 2f2RR0 (ρcos + ρs(ξ))
∫ RS
0
U(r, t)r2dr,
for ξ ∈ (0,RS).
Using Eq. (32) and the divergence theorem, for r ≤ RS
we have
dU
dr
= η(t)
m(r)
4pir2
+ 2f2R0
dρs
dr
, (100)
m(r) =
∫
Br
ρs(x)d3x,
where Br is the ball of radius r centered at the center of
the star. Imposing the condition limr→0 U(t, r)r3 = 0,
repeated integration by parts yields∫ RS
0
U(r, t)r2dr = (101)
1
3
U(t,RS)R
3
S −
η(t)
12pi
∫ RS
0
m(r)rdr +
1
2pi
f2R0M.
Substituting the previous results into Eq. (98) yields, for
r ≥ RS:
Ψ1(r, t) = − 1
24pir
η(t)
f1RR0 − 2f2RR0 (ρcos + ρs(ξ))
(102)
×
(
MR2S +
∫ RS
0
m(r)rdr +
1
4pi
f2R0M
)
−1
4
A(t)M
(
R2S
r
+ r
)
+ C1,
where C1 is an integration constant. Now we estimate
the various contributions to Ψ1(r, t). We have
I = (103)
|η(t)|
24pir
1
|f1RR0 − 2f2RR0 (ρcos + ρs(ξ))|
∫ RS
0
m(r)rdr ≤
|η(t)|
48pi
1
|f1RR0 − 2f2RR0 (ρcos + ρs(ξ))|
MR2S
r
,
from which, using r ≥ RS, it follows
I ≤ r
2
8
∣∣∣∣ f1R0 − 2f2R0ρcosf1RR0 − 2f2RR0 (ρcos + ρs(ξ))
∣∣∣∣ ∣∣∣∣ η(t)ω(t)
∣∣∣∣ |Ψ0 − C0| ,
(104)
where ω(t) has been defined in Eq. (58). Using Eq. (64),
we have∣∣2f2R0∣∣ (ρcos(t) + ρs(r)) ∣∣f1R0∣∣ , r ≤ RS. (105)
Thus, the following approximation can be used:∣∣f1R0 − 2f2R0ρcos(t)∣∣ ' (106)∣∣f1R0 − 2f2R0 (ρcos(t) + ρs(ξ))∣∣ ,
from which, using condition (54), it follows that
I . r
2
8
∣∣∣∣ f1R0 + 2f2R0Lm(ξ, t)f1RR0 + 2f2RR0Lm(ξ, t)
∣∣∣∣ ∣∣∣∣ η(t)ω(t)
∣∣∣∣ |Ψ0 − C0|(107)
 |Ψ0(r, t)− C0| ,
where we have used |η(t)/ω(t)| ∼ 1 and |R0| r2 ∼
H2r2  1, for the current Hubble parameter and for
r of the order of Solar System scales. Analogously, we
have
II =
|η(t)|
|f1RR0 − 2f2RR0 (ρcos + ρs(ξ))|
MR2S
24pir
(108)
 |Ψ0(r, t)− C0| .
By the same token, we get
III = |A(t)|MR
2
S
4r
' (109)
|δ(t)|
|f1RR0 − 2f2RR0ρcos|
MR2S
48pir

|Ψ0(r, t)− C0| ,
where we have neglected f2R0, and we have set δ(t) =
1 + f20 − 2f2R0R0. We can then estimate
IV =
1
4
|A(t)|Mr ' (110)
r2
8
∣∣∣∣ f1R0 − 2f2R0ρcosf1RR0 − 2f2RR0ρcos
∣∣∣∣ ∣∣∣∣ δ(t)ω(t)
∣∣∣∣ |Ψ0(r, t)− C0| ,
so that the estimate IV  |Ψ0(r, t)− C0| follows in the
same way as for the term I.
It remains to consider the term
V =
∣∣f2R0∣∣
4pi
1
|f1RR0 − 2f2RR0 (ρcos + ρs(ξ))|
M
r
. (111)
Using Eq. (56) and integrating over the volume of the
star, we have∣∣f2R0∣∣M  4pi3 ∣∣f1R0 − 2f2R0ρcos(t)∣∣R3S, (112)
13
from which, using Eq. (105) and condition (54), we have,
for r ≥ RS:
V  1
3
∣∣∣∣ f1R0 − 2f2R0 (ρcos + ρs(ξ))f1RR0 − 2f2RR0 (ρcos + ρs(ξ))
∣∣∣∣ r2 = (113)
1
3
∣∣∣∣ f1R0 + 2f2R0Lm(ξ, t)f1RR0 + 2f2RR0Lm(ξ, t)
∣∣∣∣ r2 ∼
1
3
|R0| r2 ∼ 1
3
H2r2.
Since the quantity Ψ0(r, t) − C0 turns out to be the
Newtonian potential (see Eqs. (57) and (58)), we have
|V |  |Ψ0(r, t)− C0| for r of order of Solar System scales.
Eventually we have
Ψ1(r, t)− C1 = I + II + III + IV + V, (114)
and, collecting the above estimates, we find that
|Ψ1(r, t)− C1|  |Ψ0(r, t)− C0| . (115)
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